Duals of the QCQP and SDP Sparse SVM

Antoni B. Chan, Nuno Vasconcelos, and Gert R. G. Lanckriet

SVCL-TR 2007-02 v2
April 2007






Duals of the QCQP and SDP Sparse SVM

Antoni B. Chan, Nuno Vasconcelos, and Gert R. G. Lanckriet

Statistical Visual Computing Lab
Department of Electrical and Computer Engineering
University of California, San Diego

April 2007

Abstract

This is the technical report that accompanies the ICML 2007 paper “Direct Convex
Relaxations of Sparse SVM” (Chan et al., 2007). In this report, we derive the dual
problems for the SDP and QCQP relaxations of the sparse SVM.
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1 Dual of the QCQP Sparse SVM

The primal problem for the QCQP relaxation of the sparse SVM is
Problem 1
1 N
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s.t. yilrTw+b)>1-¢&, i=1,...,N,
fi 2 07
||} < rt,
2
lwlly <t

The QCQP primal (Problem 1) can be transformed into an equivalent problem by set-
tingt = s and w = u — v, foru,v € ]Ri,

Problem 2
1 N
: 2
B O DL
s.t. yi(eT(u—v)+b)>1-&, i=1,...,N,
gi 2 07

1 (u 4 v) < V/rs,

1 1
5 lu—vlls < 5,
u>0, v>0.

Note that there is an implicit constraint that s > 0. Introducing the Lagrangian multi-
pliers (o, %) € Rj\_[, (,m) € Ry, and (X, 0) € Ri, the Langrangian is
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To minimize £ with respect to (u, v, £, b, s), we take the partial derivatives and set them

to zero. For s we have
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where the constraint on 7 follows from the implicit non-negative constraint on s. For b
and £ we have

% = —Zoziyi:()

= Zaiyi:O
i

and
oL
= = C—a;—7=0
9¢; “
= a+v=C
= o; <C.

The partial derivatives with respect to the hyperplane parameters v and v are
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T = —Zaiyimi—&—ul—kn(u—v)—/\zo,
% Zaiyixi+ulfn(ufv)70:0.

Adding the two partial derivatives gives a constraint on A and 6,
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and subtracting the two partial derivatives gives the equation for the hyperplane w =
u— v,
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Substituting these conditions back into £, we obtain the g objective function of the dual

gla, p,y,m, A 0) = min L(u,v,§,b, 5,0, 1,7,1, A, 0)
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with the constraints

ZaiinO»
A+0=2ul,
0<n<l1,
0<a; <C,
0<6<2ul,
0 <A< 2ul,
0< u.

The second constraint and the non-negative constraint on ¢ and A implies that

—ul < (A =0) < pl.

N =

Hence, we define v = (A — 6) which leads to the dual problem of the QCQP-SSVM,

Problem 3
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N
st Y awi=0, 0<a; <C, i=1,...,N
=1

_MSVJSM; j:17"'7d7
p>0, 0<n<l.

1.1 Dual of QCQP-SSVM in RQC form

The dual can be rewritten as a rotated-quadratic-cone (RQC) program by bounding
each of the quadratic terms,
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1.2 Dual of QCQP-SSVM in SDP form

Problem 3 can be rewritten into an SDP by bounding each of the two quadratic terms
and using the Schur complement lemma:
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where ¢ = >, a;y;; + v, and
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The dual QCQP-SSVM can then be written as an SDP,
Problem 5
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2 Dual of the SDP sparse SVM

The primal problem for the SDP relaxation of the sparse SVM is
Problem 6

N
1
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TR AU B
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By introducing two matrices (U, V') € ]RiXd (d x d matrices with non-negative entries)
such that W = U — V, the SDP-SSVM primal (Problem 6) is equivalent to

Problem 7
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s.t. yi@Tw+b)>1-¢, i=1,...,N,
§i>0,

"=
ST+ < gtr(U — V),
1 1
Ujn >0, Vip>0, jk=1,...,d

Introducing the Lagrangian multipliers (v, y) € Rf, i € Ry, the matrix A € R

0, and the matrices (17, 8) € RT*?, the Lagrangian is
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The Lagrangian is minimized with respect to (U, V, w, b, £) by taking the partial deriva-
tives and setting them to zero. For b, £, and w we have
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The partial derivatives with respect to the matrices U and V' are
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Adding the partial derivatives yields a constraint on # and 7,

oL 0L
—+—= = -n-90 117 =0
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Subtracting the partial derivatives yields a formula for the weight matrix,
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o (I—-A—prl)—n+0=0

= A=0Q—-pr)l—m+0
The dual objective function is obtained by substituting these conditions into L,
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with constraints
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The second constraint and the non-negative constraints on 7 and 6 implies that
<Ok —mik<p Jk=1,....d
Finally, defining v = # — 7, the dual problem of the SDP-SSVM is

Problem 8
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N

s.t. Zai%:O,
i=1
A=1—pur)I+v >0,
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w2 0.

2.1 Dual in SDP form

The dual can be written into SDP form by bounding the quadratic term by ¢, and using
the Schur complement lemma (Boyd & Vandenberghe, 2004).
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where ¢ = > , ;y;z;. The dual can then be written as an SDP,
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